When a problem without viscosity is considered as an ideal case, a small dissipation term is necessary in many numerical calculations. Quasi-geostrophic turbulence, which is described by the barotropic version of quasi-geostrophic potential vorticity equation, (also called Charney-Hasegawa-Mima equation as an equivalent) is one of these situations: a dissipation term must be added in order to prevent the energy from piling up in the large wavenumber region. Consequently, the total energy decreases gradually, which should be conserved in an ideal situation. In this article, the total energy dissipation rate in quasi-geostrophic turbulence is estimated, based on the assumption that the energy dissipated in this system is equal to the energy transported to the large wavenumber region. This estimation complements the dynamic scaling laws for the quasi-geostrophic turbulence developed by Watanabe et al. (1998): the parameter expressing the total energy dissipation, which was determined from the result of the numerical calculation in their study, is derived from the parameters of the setting of the numerical calculation. This estimation also suggests the means to determine the appropriate artificial hyperviscosity coefficient used in numerical simulations.
Introduction
It is important to know the energy flow and energy distribution in the atmosphere for understanding the mechanism of the atmospheric circulation. As a method of investigating the energy distribution, the energy spectrum, i.e., energy distribution in the wavenumber space of the atmosphere, often has been investigated. It has been pointed out in numerous investigations, that the energy spectrum is proportional to the À3 power of the wavenumber, in the wavenumber region expressing large-scale motions of the atmosphere (e.g., Saltzman and Fleischer 1962; Wiin-Nielsen 1966; Kao and Wendell 1970; Julian et al. 1970; Tanaka 1985; Nastrom and Gage 1985) . This observational fact is often explained as an exposure of the feature of two-dimensional turbulence, based on the quasi two-dimensionality of the largescale motions of the atmosphere (Charney 1971) .
The turbulent motions governed by the twodimensional fluid equation have been exten-sively studied for many years, and it is wellknown that it is significantly different from that of the three-dimensional turbulence. In three-dimensional turbulence, energy is basically cascaded from the small wavenumber region to the large where strong dissipation occurs, and it is shown by dimensional analysis that the energy spectrum is in proportion to the À5/3 power of the wavenumber in the inertial range where energy transport is dominant (Kolmogorov 1941) . In two-dimensional turbulence, however, the energy is inversely cascaded from the large wavenumber region to the small, owing to the existence of a conserved quantity called enstrophy besides energy (Kraichnan 1967) . As for the enstrophy, it is cascaded from the small wavenumber side to the large. Consequently, in two-dimensional turbulence, there may be two inertial ranges corresponding to the energy and the enstrophy. It is shown by dimensional analysis that the energy spectrum in the inertial range of the energy inverse-cascade is proportional to the À5/3 power of the wavenumber, and that in the inertial range of the enstrophy cascade to the À3 power of the wavenumber. Naturally, the atmospheric motions are threedimensional, but vertical motion is significantly hindered in large-scale atmospheric phenomena by the effects of stratification and rotation. The motions show two-dimensional features in horizontal directions. Therefore, the energy spectrum proportional to the À3 power of the wavenumber can be explained as that found in the enstrophy-cascade region of the twodimensional turbulence.
The large-scale atmospheric motions, however, are not completely two-dimensional. The effects of stratification and rotation keep twodimensionality of the large-scale motions of the atmosphere, but influence of the divergence becomes important when the scale of the motions is as large as, or larger than the Rossby's radius of deformation, which is a length determined by the balance of these two effects. The equation system including such an effect is known as the barotropic version of quasigeostrophic potential vorticity equation, which is often used to describe large-scale motions in the atmosphere, or in the oceans.
When the scale is small enough compared with the Rossby's radius of deformation, the quasi-geostrophic potential vorticity equation reduces to the two-dimensional Navier-Stokes equation, and the theory for the twodimensional turbulence could be applied. However, the energy spectrum proportional to the À3 power of the wavenumber appears in the horizontal scale range between about 5000 and 1000 km (reciprocal of the wavenumber is between about 1000 and 200 km). The external radius of deformation of the atmosphere (which is about 2000 km) is slightly larger than 1000 km but not large enough, and there is a possibility that finite Rossby's radius of deformation may affect the À3 power law of the energy spectrum. Therefore, we need to examine the features of the turbulence described by the quasi-geostrophic potential vorticity equation, instead of the two-dimensional Navier-Stokes equation.
The studies by Watanabe et al. (1997 Watanabe et al. ( , 1998 consider the finite Rossby's radius of deformation. (Their original motivation is to investigate quasi two-dimensional electric potential vertical to a magnetic field, but their basic equation, which is called the Charney-Hasegawa-Mima equation, is completely an equivalent of the quasi-geostrophic potential vorticity equation.) In particular, Watanabe et al. (1998) investigated decaying turbulence governed by the quasi-geostrophic potential vorticity equation (Charney-Hasegawa-Mima equation) , where they derived theoretically power laws for the energy spectrum, and confirmed the results by numerical experiments. Basically, the results of the numerical experiments supported their scaling theory. Looking in detail, however, there were some differences between the theory and the numerical experiments. While they treat the total energy as a conserved quantity for the development of the scaling theory, it gradually decreases owing to the small but finite dissipation term used in real numerical calculations. They explained the difference between the theory and the numerical experiments considering the dissipation of the total energy, and showed that a modified theory including the effect of the dissipation of the total energy well agrees with their numerical results.
In order to determine the parameter which expresses the decreasing rate of the total energy, however, they used the results obtained by their numerical calculations. Although almost all part of the theory is constructed theoretically, they determined this parameter empirically. Therefore, it is a natural question whether this parameter can be derived without using the results of numerical calculations. From this motivation, we investigated the scaling law of the quasi-geostrophic turbulence in this paper, noticing, in particular, the energy dissipation.
This paper is organized as follows: In Section 2, the scaling laws of the quasi-geostrophic turbulence, discussed in Watanabe et al. (1998) , will be briefly reviewed. Based on this theory, we will theoretically estimate the energy dissipation in Sections 3 and 4. If a numerical calculation is ideally performed, energy dissipation can be directly estimated also from the value of the hyperviscosity coefficient, which will be done in Section 5. Through this estimation, we will be able to decide what value we should take as artificial hyperviscosity in numerical calculations. In Section 6, the theory will be confirmed by numerical experiments. In Sections 7 and 8, the obtained results will be discussed and summarized.
Scaling laws for quasi-geostrophic turbulence
The quasi-geostrophic potential vorticity equation
which describes large-scale motions in the atmosphere, or in the oceans, is considered, where c indicates the stream function, l the reciprocal of the Rossby's radius of deformation, and D a dissipation term with an infinitesimally small coefficient which works in the very large wavenumber region. In this section, the scaling laws for quasi-geostrophic turbulence governed by this equation are briefly summarized. See Watanabe et al. (1997 Watanabe et al. ( , 1998 for detailed derivation. In this system, the total energy E and the total enstrophy Q defined as 1 The scaling law for the energy spectrum in the energy-cascade region is
where e is the energy transfer rate, and that in the enstrophy-cascade region is
where h is the enstrophy transfer rate. In cases of decaying turbulence, the characteristic wavenumber of eddies k max diminishes in proportion to t À1/4 in the region k max f l:
and E max , which is defined as the peak value of the energy spectrum corresponding to k max , grows in proportion to t 1/4 :
where E indicates the total energy of the system. Although this theory explained their results of numerical calculations quite well, some differences are still remained, in particular for E max . In an ideal situation, the total energy E must be conserved, but it gradually decays in numerical calculations, since a small but finite dissipation term is included for the sake of stable time-integration. If the total energy decay is assumed as Watanabe et al. (1998) used the results of their numerical calculations to decide this value of y, and estimated y ¼ 0:05 from the graph for the time dependence of the total energy. Time dependences (2.12) and (2.13), using the value y ¼ 0:05, well described their numerical results.
3. Estimation of the energy dissipation from the view point of the energy transport to the large wavenumber region
As explained in the previous section, the total energy is not precisely conserved in numerical calculations, and the parameter y, which describes the rate of the energy dissipation, is necessary for the modified dynamic scaling theory. Watanabe et al. (1998) theoretically derived the scaling laws, except the value of y which they determined empirically using the results of the numerical calculations. As a clue for the estimation of this parameter y, without using the results of numerical calculations, how the energy is dissipated in this system is considered. In the theory of two-dimensional and quasi-geostrophic turbulence, it is assumed that all energy is inversely cascaded from the large wavenumber side to the small (Leith 1968) . As is discussed in Fjørtoft (1953) , however, the constraint that both energy and enstrophy are conserved derives that small, but non-zero energy, must be transported to the large wavenumber side, even if the most part of the energy is inversely cascaded. Considering that the energy transported to the large wavenumber region will be dissipated under the strong influence of the dissipation term, we will assume here that the energy transported to the large wavenumber region is nothing else but the energy dissipated in this system ( Fig.  1) , which is the start point of the discussion.
Since the condition that enstrophy is conserved as well as energy through the energy transport process is expressed as
we obtain the differential equation for E:
ð3:1Þ
This differential equation is easily solved: defining the energy in the initial state as E 0 and the wavenumber of the energy spectrum peak in the initial state as k f , we obtain
ð3:2Þ
While (3.2) expresses E as a function of k max , it is also expressed as a function of time t by using (2.9): since (3.1) can be approximated as Fig. 1 . Energy transport and energy dissipation assumed in this theory: although major part of the energy is shifted to the small wavenumber side, in order for both energy and enstrophy to be conserved, a small part is transported to the large wavenumber region, where this transported energy is dissipated.
in case of k h g k max , the total energy dissipation rate dE/dt becomes
ð3:4Þ and substitution of (2.9) into (3.4) derives
where C ks is the constant of proportion which is not explicitly written in (2.9), and E in (2.9) is treated as a constant parameter, since the main time dependence of k max comes from the factor t À1/2 ; the time variation of E is so small that it only causes a slight secondary correction term.
Returning to the original question about the value of y, we see from this form of _ E E that we cannot express E in the form of a simple power of the time. Therefore, it is not adequate to express the time evolution of E as E z t Ày using a single parameter y. However, we can estimate a value corresponding to y at each moment as Àd log E/d log t. This value is estimated as
by using (3.5) and (2.9). This result includes the variable E. In ideal situations with small dissipation, the value of the energy in the initial state E 0 is used, considering that E is an almost conserved quantity, but E becomes different from the original value E 0 in many numerical calculations, and thus the value of E is evaluated for the precise estimation of (3.6). When enough time passes and k max satisfies k max f k h , it can be estimated from (3.2) as
Coefficients of the scaling law
In the previous section, we tried to estimate the dissipation of the total energy, based on the assumption that it is nothing but the energy transferred to the large wavenumber region. The obtained results (3.5) and (3.6) include, however, two quantities which still cannot be determined from the parameters given as the conditions of the problem. One is k h , or the wavenumber where the energy dissipation occurs, which will be estimated in Section 5, after the concrete form of the dissipation term is given. Another is the coefficients undetermined in the scaling theory in Watanabe et al. (1998) . Although determining the non-dimensional coefficient is beyond the ability of the scaling theory which originally derives a proportional relation, its estimation based on simple assumptions is tried in this section.
While it is the coefficient of the equation (2.9), or k max in case of k max f l which we want to decide here, the coefficient of E max is simultaneously considered and also those in the case of k max g l. In the same way as (2.9) and (2.10), which is derived by Watanabe et al. (1998) , the time dependency of k max and E max , in the limit of large k max , can be also derived (Batchelor 1969) : k max and E max in both limits are expressed as
:1Þ
where C ks ; C kl ; C Es and C El are coefficients of proportion, which will be estimated in this section. First, we will assume that the asymptotic forms of k max and E max are also valid around l as long as k max > l (or k max < l) holds, although they are originally the relations valid for k max g l (or k max f l). Let the time when
On the other hand, k max G C kl E À1/2 t À1 holds when k max > l, and this relation at t ¼ t l becomes
From the condition that (4.3) and (4.4) should be the same, the relation using the relation for k max < l, and
ks El À1 ; ð4:7Þ using that for k max > l. Since the two values must coincide,
is obtained. Next, the constraint relating the energy spectrum to the total energy is considered. In the case of k max f l, the energy spectrum at k max < k < l is in proportion to k À5 as shown in (2.8). On the other hand, it seems to be proportional to k 4 at k < k max according to Watanabe et al. (1998) . (The precise values of such exponents are still disputable. Iwayama et al. (2001) , for example, derived theoretically that it is in proportion to k 5 at k < k max . Even if the precise values differ, however, the following discussion is not essentially affected, but for the slight modification of the coefficient value 20/9.) Since the peak value is E max at k ¼ k max , the energy spectrum is approximately
ð4:9Þ
Therefore, assuming that the most part of the total energy is distributed around this energy spectrum peak, E is calculated as is obtained. In order to decide the coefficients, another condition is needed. Here, noticing the formation process of the turbulent field at the initial stage, the time which it takes for the narrow band energy spectrum at the initial state to be re-distributed is assumed to be equal to the time which it takes for a fluid particle with the average speed of the turbulence, to go the distance of one wavelength. From this assumption, letting the wavenumber given at the initial state to be k f , the time t 0 for a fluid particle to go one wavelength l f is estimated as
where C 0 ¼ 2p:
Here, the initial wavenumber k f is assumed to be large enough, compared with l and therefore that the major part of the total energy E consists of the kinetic energy v 2 0 /2. Substitution of (4.12) into k max G C kl E À1/2 t À1 , which is valid at k max g l derives
and thus we obtain another condition
Now, we have four relations for four unknown coefficients. From (4.5), (4.8), (4.11) and (4.14), the four coefficients C ks ; C kl ; C Es ; C El are decided as
In order to determine four unknowns, four assumptions are used in this section, the last one of which evidently has the largest uncertainty. The value 2p is chosen for the constant C 0 , since the time for the energy re-distribution in the initial stage is assumed to be the time for a fluid particle, with the average speed of turbulence to go one wavelength, i.e., 2p times of 1/k f . However, there is no necessity that it should be 2p. The value of this universal constant C 0 must be determined. While it is difficult to determine theoretically this value of C 0 , The value of C 0 ¼ 2p is used hereafter, expecting that it will not greatly different from 2p. The influence of the different value of C 0 from 2p will be discussed later.
Estimation of the energy dissipation using the hyperviscosity coefficient
The discussion in the previous sections shows the estimation of the total energy dissipation in this system from the view point of the energy transportation to the large wavenumber side, using the conservation of the energy and the enstrophy. In real numerical experiments, a small but finite dissipation term is considered as D in the equation (2.1), since, otherwise, the energy which should have been transported to the large wavenumber region would be piled up near the cut-off wavenumber region. Watanabe et al. (1998) where a small hyperviscosity term is used as D.
Since the dissipation term is explicitly shown in this equation (5.1), the energy dissipation can be directly calculated, if the form of the energy spectrum is given. Integrating (5.1), the equation for the total energy and the total enstrophy can be obtained:
QðkÞ dk: ð5:3Þ
First, using this equation, we can estimate k h which is defined as
Since the dissipation mainly occurs in the large wavenumber region near the cut-off wavenumber k c and the energy spectrum becomes EðkÞ z k À3 in this region satisfying k g l,
is obtained. Now, using the results obtained above, the dissipation rate of the total energy given by (3.6) can be calculated. Estimating E used in (3.6) as
h based on (3.7) and k h as k h G ½ð p À 1Þ/ p 1/2 k c based on (5.5), and substituting E 0 ¼ 0:5, l ¼ 40, k f ¼ 50, k c ¼ 85 and p ¼ 2, which are used in Watanabe et al. (1998) and t ¼ 15, which is presumed to be used as the time for their evaluation, y G 0:03; ð5:6Þ is obtained. The estimation of y derived in this way gives a value close to y ¼ 0:05, which is estimated numerically by Watanabe et al. (1998) . Incidentally, since the concrete shape of the energy spectrum is theoretically known, the energy dissipation is also directly estimated from (5.2) and the value of the hyperviscosity coefficient. Since EðkÞ is proportional to k À5 inside the region k max < k < l, 2 EðkÞ becomes
where we used (2.9) and (2.10). In particular, letting k ¼ l,
is obtained. Moreover, since EðkÞ is proportional to k À3 in k > l, using (5.8),
is obtained. Considering that the energy dissipation mainly occurs in the large wavenumber region near the cut-off wavenumber k c , and substituting (5.9) into (5.2),
( 5.10) is obtained. This _ E E b and _ E E a in (3.5) must be originally the same. Substituting E ¼ 0:5 Â ½ð85 2 /2Þ À 50 2 / 2 Strictly, the relation EðkÞ z k À5 holds only at k max < k f l, but we assumed here that this power law is valid also in the region close to l as long as k < l.
ð85
2 /2Þ G 0:15, l ¼ 40, k h ¼ 85/2 1/2 G 60 and t ¼ 15, which are used in the numerical experiment in Watanabe et al. (1998) ,
is obtained, while
for E G 0:15, l ¼ 40, k c ¼ 85, p ¼ 2, n ¼ 3:0 Â 10 À8 and t ¼ 15. The latter is one order larger than the former, which indicates that the value of the given hyperviscosity coefficient is too large.
The condition that (3.5) and (5.10) should coincide is
and thus the appropriate value of the hyperviscosity coefficient is calculated as
ð5:11Þ
Numerical calculation
In this section, the numerical results are shown. The equation numerically integrated is (5.1). The calculation is performed by the pseudo-spectrum method with the cut-off wavenumber k c ¼ 85, and conversion grids 256 Â 256. The system size is 2p Â 2p with periodic boundaries, and the reciprocal of Rossby's radius of deformation l ¼ 40 is set. The hyperviscosity with p ¼ 2 is used as the dissipation term. Estimating the appropriate value of the hyperviscosity coefficient from (5.11), we give 3
The energy spectrum of the initial disturbance has the form of
which is normalized so that the total energy is
This energy spectrum has a sharp peak near k ¼ k f . Here, the value k f ¼ 50 is used and gave random phase for each wavenumber component. The above conditions are essentially the same as those of Watanabe et al. (1998) , except that the value of the hyperviscosity coefficient differs. Figure 2 shows the time evolution of the stream function field. We can see that the pattern gradually becomes larger with time, which indicates the inverse-cascade of the energy. The energy spectrum is shown in Fig. 3 . Although 3 This coefficient diverges to infinity as t approaches zero. However, since the integral Ð e 0 n dt remains finite and is small, the large value of n around t ¼ 0 does not largely affect the subsequent velocity field. the energy spectrum in the inertial range was in proportion to k À6 in Watanabe et al. (1998) , the gradient of the spectrum in this calculation with the hyperviscosity coefficient n ¼ 2 Â 10 À8 Á t À1/2 is about À5 and À3 at k < l and k > l, respectively. In the following, we will investigate the behaviours of several quantities accompanied by this time evolution. Figure 4 shows k max as a function of the time, and Fig. 5 shows E max . As expected from the theory, they are proportional to t À1/4 and t 1/4 , respectively. Moreover, we can see that the theoretical results (4.1) and (4.2) shown by solid lines give quite good estimations also for their absolute values. Figure 6 shows the relation between k 2 max and 1/E, and the linear relation indicates that (3.2) is a good estimation of E. Figure 7 shows the total energy as a function of the time. The total energy gradually decreases, proportional to t À0:05 around t ¼ 10@20; this value of the exponent is almost the same as that by Watanabe et al. (1998) , and shows a quite good accordance also with the theoretical estimation shown by the solid line.
As described in Section 4, the uncertainty of the coefficient C 0 is still left; in Figs. 4, 5 and 7, Fig. 3 . Energy spectrum obtained by the numerical calculation with p ¼ 2, n ¼ 2 Â 10 À8 Á t À1/2 . It is proportional to k À5 at k < l, and to k À3 at k > l. the estimation using optimized value C 0 ¼ 15, based on t-k max relation (e.g., Fig. 4) is also shown by dashed lines. By using the value C 0 ¼ 15, t-E max and t-E relations also show very good accordance with the numerical results. In particular, the estimation of y based on (3.6) using C 0 ¼ 15 gives the value y G 0:05; ð6:4Þ which shows the complete accordance with the numerical result. The value of the enstrophy dissipation wavenumber k dis 1 n À1/2p h 1/6p , which is the quantity having the dimension of wavenumber constructed by enstrophy dissipation rate h and the hypervisicosity coefficient n, also suggests that the hyperviscosity given by (6.1) is suitable. From Fig. 8 , which shows the total enstrophy as a function of the time, we can roughly estimate the total enstrophy as Q G 250 Á t À1/2 . Therefore, we can calculate the enstrophy dissipation h as
Using this value and p ¼ 2, we can calculate k dis as
G 126: ð6:6Þ Considering that the wavenumber where the enstrophy is actually dissipated is different by a certain factor from this value determined only by its dimension, we can say that this value well corresponds to k h . In particular, this wavenumber remains constant although n and h vary with time. We can see that this n satisfies the condition that the enstrophy dissipation wavenumber does not shift with time.
Discussions
The original aim, which is to obtain y i.e. the parameter expressing the decrease of the total energy without using the results of numerical calculations, is accomplished in this way, except that the value of the constant C 0 is still determined from numerical results. This constant C 0 , however, has a clear physical significance: it is the ratio of the time for the turbulence energy to be re-distributed to the time for a fluid particle to go the distance 1/k f with the turbulent speed. The constant C 0 is expected to be a universal one through wide parameter range, and determining it from numerical results is quite different from determining y from numerical results. Let us see, for example, Figs. 9 and 10, which are the results of the calculation with the parameters l ¼ 30 and E 0 ¼ 1:0. They show that, once the value of C 0 is determined from the numerical result of a certain case, we can calculate the coefficients such as C ks and the decreasing rate y also in other cases by applying the determined value of C 0 , although the value of y itself differs depending on the parameters of the cases.
Next, let us consider the artificial dissipation in the model, which causes this decrease of the total energy. In the theory of two-dimensional and quasi-geostrophic turbulence, an ideal situation with infinitesimally small dissipation is considered, where almost all energy is transferred to the small wavenumber side and the left is transferred to the region with infinitely large wavenumber. In real numerical simulation, however, we must cut off small-scale motions at a certain finite wavenumber. If we formally make the dissipation small as in the ideal situation, the energy which should have been transferred to the large wavenumber region lose its destination owing to the existence of the cut-off wavenumber and are piled up near the cut-off wavenumber. By adding an artificial dissipation term, the energy is removed out of the system instead of being transferred to the large wavenumber region (Fig. 11) . Therefore, the energy dissipated near the cut-off wavenumber must be as large as the energy, which should have been transferred to the large wavenumber side, in order to be a good substitute.
Since the dissipated energy depends on the artificial hyperviscosity coefficient, the criterion that they should be the same let us enable to estimate the appropriate hyperviscosity coefficient as (5.11). Naturally, the coefficient need not exactly take this estimated value. Even if it becomes somewhat larger or smaller, the transferred energy and the dissipated energy can be balanced, by letting the edge of the energy spectrum close to the cut-off wavenumber slightly smaller or larger; the energy spectrum of the major part does not vary. If the difference becomes larger, however, the slight change of the spectrum near the cut-off wavenumber alone cannot adjust it. In this case, the shape of the energy spectrum may be largely modified. If the hyperviscosity is too large, the value of the energy spectrum diminishes not only near the cut-off wavenumber, but also at the smaller wavenumber region, and consequently there is a possibility that the power law of the energy spectrum in the numerical calculation might be changed. As has seen in Section 5, under the parameter used in Watanabe et al. (1998) , the energy which can be dissipated, is one order larger than the energy which should be transferred. The precise value of the gradient of the energy spectrum for decaying turbulence is still to be discussed, but, at least, their result that its gradient takes the same value whether k > l or at k < l seems to be affected by this too large hyperviscosity.
Energy dissipation, which is one of the important quantity in our discussion, is directly determined by the value of the hyperviscosity coefficient. Thus, we can conversely use this result as a criterion to estimate the appropriate value of the hyperviscosity coefficient. It should be determined so that the dissipated energy is balanced with the energy which should have been transferred. Not only in simple models such as investigated here, but also in complex ones like general circulation models, hyperviscosity coefficient is usually adjusted so that the time-integration goes well. Although the shape of the energy spectrum can be easily presumed in the simple system considered here, and thus the concrete value of the hyperviscosity coefficient to give can be determined, it is not easily determined in complex systems. However, the fundamental principal can be applied also for such complicated systems, and it will be useful for the approximate estimation of the appropriate hyperviscosity coefficient.
Conclusions
We estimated the coefficients which appear in dynamic scaling laws of quasi-geostrophic turbulence. Using this result, we successfully estimated the decrease of the total energy, which accomplishes the modified theory about power laws of the quasi-geostrophic turbulence developed by Watanabe et al. (1998) . Furthermore, through this discussion, we showed that the hyperviscosity coefficient used in Watanabe et al. (1998) was too large. This result shows the possibility that we would be able to determine the appropriate value of the artificial hyperviscosity coefficient which is usually determined empirically.
